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C
atalysis plays a fundamental role in
many fields of chemical and en-
ergy technologies.1�6 The perfor-

mance of catalysts is determined by their

ability to control the rates and yields of

chemical reactions (i.e., to increase and re-

duce the amounts of desirable and undesir-

able products). Platinum and its com-

pounds are among the most outstanding

catalysts1�7 as they have high density of

electronic states at the Fermi level (essen-

tial for electron exchange for chemical reac-

tions), and they are resistant to oxidation.

Moreover, performance of Pt active nano-

particles can be tuned by modifying their

shape.8�10 Experimental observations for Pt

nanoparticles usually report low-index fac-

ets,7 although recently synthesized Pt tetra-

hexahedrons with high-index facets have

been shown to have superior catalytic activ-

ity.9 Despite attempts of ab initio

analysis,11,12 the observed variety of Pt

nanoshapes has not been completely ex-

plained. The problem should be addressed

because, in addition to interpreting experi-

mental results, a rational explanation would

help designing new shapes with superior

chemical, optical, and electronic

properties.1�6,13 Furthermore, it would also

contribute to understanding the general

physics of the transition from bulk to nano-

scale, important from both fundamental

and technological points of view.14�20

The formidable task of predicting the

shape of nanoparticles across a wide range

of sizes can be partially tackled if we limit

the interest to general knowledge of trends

regarding shapes’ phase transitions. With

simple calculations of bulk and surface en-

ergies (values and variations), we can cap-

ture the energetic interplay between sur-

face tension and elastic energy

contributions. In this article, we present a ra-
tional first-principles approach describing
the relative stability of different Pt nano-
scale shapes. We consider the competition
between elastic and surface energies for the
seven shapes: the recently observed
tetrahexahedron with (730) facets,9 and the
six most frequently observed shapes7 that
have (100) and (111) facets (cube, tetrahe-
dron, octahedron, cuboctahedron, trun-
cated octahedron, and truncated cube).

MODEL AND RESULTS
First, we calculate the relative quantum

mechanical energies of six common Pt crys-
tals shapes with up to 300�400 atoms.
The relative crystal stability of the various
shapes varies with size. This is shown in Fig-
ure 1a. Larger crystals with the six common
shapes as well as the tetrahexahedron crys-
tals are not addressed by ab initio means
due to their high computational
requirements.

To tackle larger crystals, we consider
the energy of the finite system as a super-
position of internal and surface energies
(Figure 2). The energetic contribution of sur-
face tension is described through the
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ABSTRACT Catalytic, chemical, optical, and electronic properties of nanocrystals are strongly influenced by

their faceting. A variational approach based on quantum mechanical energies is introduced to evaluate stable and

metastable shapes of Pt nanocrystals. The method leads to a nanoscale equation of state, which is solved self-

consistently. It is found that the surface energy dependence on the lattice parameter is the key factor controlling

the equilibrium stability of the crystal shapes. The variational approach, capable of predicting the changes in the

hierarchy of crystals’ shapes with respect to size, explains experimental results and establishes a new direction to

search for better catalysts.

KEYWORDS: nanocatalysis · nanoparticles · first-principles · Wullf’s construction ·
surface energy · surface tension

A
RTIC

LE

www.acsnano.org VOL. 5 ▪ NO. 1 ▪ 247–254 ▪ 2011 247



following self-consistent variational approach. The “nano-

scale” equation of state (EOS) is defined as

where a is the lattice parameter, Ebulk is the energy of a

bulk with the same number of atoms as in the crystal, �lmn

and Slmn are the surface energies and areas of the (lmn)

facets. Within the variational framework, the equilibrium

is determined by minimizing over the lattice parameter:

Thus, the energy and lattice parameter of the crystal

are determined from the same nanoscale EOS, self-

Figure 1. Size dependency of quantum mechanical energies and lattice parameters for the seven Pt crystals shapes. (a) Ab initio: (E �
Eoct* ) where Eoct* indicates the interpolation of the ab initio energies of the octahedron shapes. (b,c) Variational: (E � Eoct) with � �
�bulk � �(abulk) and � � �(a); Eoct indicates the corresponding variational value of the energy for the octahedron shapes; (d) (a � ab-

ulk)/abulk from experiments (symbols),21,22 ab initio calculations (symbols), variational approach with � � �bulk (dashed lines) and
� � �(a) (solid lines). Relative energies and lattice parameters are presented with respect to corresponding values of octahedron
nanoparticle and bulk, respectively.23 The variational approach (a,c,d) is not applicable for sizes less than �0.46 nm in diameter.

Figure 2. Proposed schematic decomposition of the finite crystal free energy E; � is the density of bulk free energy, and � is
the surface energy. The variation of �, surface tension, is balanced by the strain energy of the bulk.

E(a) ) Ebulk(a) + ∑
lmn

γlmn(a)Slmn(a) (1)
E ) mina {E(a)} (2)
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consistently. It can be shown that for large crystals and

parabolic “bulk” EOS, the solution of eq 2 is equivalent

to the Stoneham15 approach (see the Methods section).

As we are interested only in trends, in this article, we ne-

glect the high computationally demanding contribu-

tions to eq 2 such as substrate�particle interface ener-

gies, surrounding solvent interactions, and excess

energies of edges and corners. Some of these contribu-

tions have predictable effects: overall, eq 2 tends to un-

derestimate the particles’ size. For instance, the excess

energy of edges/corners would sum with E(a) in eq 2,

therefore leading to larger variational surfaces Slmn(a).

By fitting the bulk EOS24 to the first-principles data

(see the Methods section), Ebulk(a) can be found. In or-

der to determine the surface energies �lmn (lmn �

100,111,730), we calculate the quantum mechanical en-

ergies of the corresponding slabs for different lattice

parameters (the slabs have enough layers to warrant

convergence (see the Methods section)). According to

eqs 1 and 2, the N layers, N atoms, slab energy Eslab(lmn)
N

for a given a can be expressed as

where Sslab(lmn)
at � a2Kslab

lmn is the (lmn) slab surface area

per atom (Kslab
100 � 0.5, Kslab

111 � 0.25�3, Kslab
730 � 3.5(1 �(3/

7)2)1/2). Finally, the surface energies are obtained by in-

verting eq 3 leading to

Note that surface energies obtained from slabs are

computationally more advantageous than if obtained

from nanocrystals, although they do not contain ener-

getic information about edges and corners. The de-

pendencies of the self-consistent surface energies �=lmn

(lmn � 100,111,730) with respect to the reduced lattice

parameter, a/abulk, are depicted in Figure 3a. The corre-

sponding bulk values of surface energies and surface

tensions are in good agreement with values obtained

previously by different methods (see the Methods sec-

tion). Strikingly, the (100) and (730) bulk surface ener-

Figure 3. For (100), (111), and (730) slabs: (a) self-consistent surface energy �=lmn versus the reduced lattice parameter (a/abulk) as ob-
tained from eq 4; (b) relative energies of the relaxed slabs versus the inverse number of slab layers from ab initio calculations and
theoretical modeling with three different uses of eq 3: (� � �bulk, a � abulk) indicates eq 3 without any minimization (a � abulk); (� �
�bulk, a � amin) indicates eq 3 with minimization over a while keeping � � �bulk; (� � �(a), a � amin) indicates eq 3 with complete mini-
mization over a and with � from eq 4; (c) relative lattice parameter of the relaxed slabs versus the inverse number of slab layers for
the three cases of panels b.

Eslab(lmn)
N (a) ) NEbulk

at (a) + γlmn(a)2Sslab(lmn)
at (a) (3)

γ'lmn(a) ≡ γlmn(a)2Kslab
lmnabulk

2 )

(abulk/a)2[Eslab(lmn)
N (a) - NEbulk

at (a)]
(4)
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gies are found to be very similar. To verify the accu-

racy of the model for the description of the slabs, in

Figure 3b,c, we show the relaxed slab energies and lat-

tice parameters for different sizes. The largest differ-

ences are observed for very small slabs (2�3 layers for

the (100) and (111) cases), which is explained by the fact

that the surface energies were extracted from ab initio

results obtained for larger slabs. Clearly, the theory

gives adequate values for (100) and (111) slabs thicker

than �0.5 nm. In the (730) case, the values are less ac-

curate as the calculations of large slabs are limited due

to their high computational cost.

Figure 1c shows the relative crystal energies as func-

tions of size calculated by substituting the values of eq

4 into eqs 1 and 2. Figure 1b depicts a similar scenario

with the use of the bulk surface energies �bulk � �(abulk).

The lattice parameter as function of crystal size is pre-

sented in Figure 1d, and it is compared with ab initio

and experimental values.

DISCUSSION AND CONCLUSIONS
The results of Figure 1 demonstrate that the depen-

dence of surface energies on the lattice parameter pro-

vides sufficient qualitative agreement for the variational

approach to ab initio results in a reasonably wide size in-

terval. Moreover, the self-consistent lattice parameter

values are also in good agreement with the experimen-

tal data available for large crystals (Figure 1d). The theo-

retical results for the tetrahexahedron shape can not

be verified as the corresponding ab initio calculations

would require the consideration of excessively large

crystals. Two statements are relevant: (i) the use of bulk

surface energies (�bulk � �(abulk)) is valid only for crys-

tals with diameter larger than �1.46�1.57 nm; (ii) the

same limitation also applies when we use a linearized

expression for lattice parameter through the bulk sur-

face tension (shown in Methods section). Therefore,

both approaches are not adequate to explain the

changes in hierarchy of crystal energies versus sizes, as
previously thought.

The limitation is overcome by using our variational
approach to obtain the correct �(a). On the basis of
the results of the ab initio calculations and the varia-
tional approach (Figure 1a,c), we address the most en-
ergetically stable Pt crystals for different sizes (Figure 4).
For relatively large crystal (with more than 139 atoms
and/or larger than 1.46�1.57 nm in diameter), the trun-
cated octahedron is the most stable shape. Within this
range, the octahedron is almost as equally stable, al-
though it becomes more stable below 56 atoms/
1.12�1.15 nm. The tetrahexahedron is the most stable
shape below the 139 atoms/1.46�1.57 nm threshold.
The second most stable crystal changes from octahe-
dron to truncated octahedron, then back to octahe-
dron, and finally to tetrahedron for the lowest sizes. The
scenarios are depicted in Figure 4.

While the perfect geometrical shapes of nanocryst-
als can be realized only for specific numbers of atoms,
the variational approach applies through a continuum
range. The argument becomes critical for small sizes
where “magic numbers” of clusters might appear.
Therefore, the approach should be considered only for
investigating trends in the hierarchy of crystal shapes
versus sizes. For this purpose, the approach to very small
clusters is solely performed to make contact with ab ini-
tio results. By comparing Figure 1a and 1c, we con-
clude that our variational approach gives similar shape
transitions at slightly smaller sizes than those obtained
by ab initio calculations. These quantitative differ-
ences may be attributed to the considerable sur-
face and core reconstruction of small crystals al-
lowed in ab initio calculations (in particular, leading
to icosahedral, decahedral etc. motifs). In the varia-
tional approach, a crystal is considered to have per-
fect fcc core and facets, and the non-homogeneous
near-surface atomic relaxations are included into the
model only through the slab calculations of the sur-
face energies. Besides that, the lattice parameter an-
isotropy, the presence of edges and corners12 may
give an important contribution to the energy of a
small crystal. The finite temperature effects may also
contribute to these tendencies.25 Thus, the accuracy
of the variational approach increases with size.

Regarding the stability of the tetrahexahedron, our
arguments are based exclusively on the variational ap-
proach since the ab initio calculations of the crystals are
beyond current computational capabilities. The mini-
mum (730) slab width achievable without affecting the
fcc arrangement is �0.81 nm. This value is well below
the threshold for the tetrahexahedron transition
(1.46�1.57 nm) of the crystals, so the model, based on
bulk and surface energies of the truncated lattice, is ap-
plicable for the (730) case. In addition, the good quali-
tative agreement of the variational and ab initio results
for the other six shapes makes us confident about the

Figure 4. Three most stable crystal shapes of Pt as function of
diameter. Shape transitions are predicted by the variational ap-
proach (Figure 1c). Note that the transitions based on ab initio
results occur at slightly larger sizes (Figure 1a).
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qualitative tendency of the tetrahexahedron stability.
Furthermore, the experimentally observed Pt tetrahexa-
hedrons (although at larger sizes)9 corroborate our
theoretical conclusions.

Up to now and according to ref 7, cubic crystals
have been experimentally observed 15 times, tetrahe-
dron 9 times, truncated octahedron 5 times, cubeocta-
hedron 3 times, octahedron 2 times, and tetrahexahe-
dron 1 time. To compare experimental data with our
results, we should also consider the approximations of
the latter. Contributions like crystal shape rounding due
to the existence of other facets,26 phonons, defects,7

substrate,26 and modified surface energies due to oxida-
tion or other electrochemical effects are neglected in
our theory, whereas they may be essential in experi-
ment. Moreover, the variety of observed Pt crystal
shapes demonstrate the possibility to produce meta-
stable shapes by tailoring the preparation conditions.
The most frequent observation of cubes and tetrahe-
drons can be explained by their metastability for small
dimensions (Figure 4) that could be potentially pre-
served during further crystal growth. Such argument is
corroborated by the observed decrease of cube fre-
quency during “annealing” and the larger sizes of trun-
cated octahedron in comparison with those of cubes
and tetrahedrons.27 The appearance of truncated octa-
hedron is in agreement with its promoted stability at
large sizes as predicted by the variational approach.
Conversely, we would expect more frequent observa-
tions of octahedrons and tetrahexahedrons, which may
require ad hoc preparations.9 The vast majority of nano-

particle syntheses are performed in the presence of sur-

factants which can affect reactivity and shape the par-

ticles. To account for this effect, the model can be

extended by adding dependences on further degrees

of freedom, such as parametrizing the surface energy

dependence on the chemical potential of the adsor-

bate. Moreover, the stress/strain and chemical effects

of edges and corners could be included in a similar

fashion.

In conclusion, we have developed a variational ap-

proach which combined with ab initio calculations al-

lows evaluation of stable and metastable shapes of Pt

crystals in a wide range of sizes. Within our approach,

the transitions between equilibrium shapes occurring at

sizes smaller than �3 nm are explained by strong de-

pendence of the surface energies with respect to the

lattice parameter (surface tension). Within numerical ac-

curacy, the lowest energy Pt crystals change shape

from truncated octahedron to tetrahexahedron with

decreasing size at around 1.46�1.57 nm diameter. The

variety of observed Pt crystal shapes demonstrates the

possibility of producing metastable shapes by varying

the preparation conditions. Besides, stable (or slightly

metastable) shapes at small dimensions might keep

their arrangement during grow condition. The combi-

nation of the presented variational approach based on

ab initio calculations with nanofabrication techniques

could become fruitful direction for designing new

nanosystems with superior chemical, optical, and elec-

tronic properties.1�6,13

METHODS
Ab Initio Calculations. Ab initio calculations are carried out

without spin polarization (not required for platinum) at zero
temperature and without zero-point motion. The effect of lat-
tice vibrations is omitted. Perfect face center cubic configu-
rations are used as a starting point for relaxations. Numeri-
cal convergence to within about 1 meV/atom is ensured by
enforcing a high energy cutoff (350 eV). For the bulk EOS, we
use dense 24 � 24 � 24 Monkhorst-Pack k-point meshes.
For the finite crystals, only the �-point is considered. For the
slabs, the in-plane k-point meshes are chosen to be 16 �
16, 16 � 16, and 5 � 1 for (100), (111), and (730), respec-
tively, whereas one k-point is used in direction perpendicu-
lar to the slabs’ direction. For finite crystals and slabs, the
shape and volume of the unit cell are fixed to conserve
enough vacuum (�12 Å). In addition, the width of the slabs
are also fixed to preserve the lattice parameter in all direc-
tions. All of the other structural degrees of freedom are re-
laxed. The surfaces are modeled by using (1 � 1) 2D unit
cells. The calculations are performed with our high-
throughput framework AFLOW.28,29 All quantum mechanical
energies are obtained from first-principles within the gener-
alized gradient approximation30 using projector augmented
wave pseudopotentials, as implemented in the VASP pack-
age.31 The slab configurations are generated with the online
software ACONVASP.28,29

To calculate the surface energy, we consider slabs with differ-
ent width. We use up to 16, 16, and 94 atomic layers for the (100),
(111), and (730) cases, respectively. The convergence of the sur-
face energy with respect to the number of layers is evaluated by

fitting the slab energies according to the Fiorentini and Methfes-
sel scheme.32 Thus, the bulk energy is actually never used for
the surface calculations.

Figure 5. Energy of bulk Pt as a function of volume obtained
from first-principles. Dashed and solid lines indicate para-
bolic and Vinet bulk EOS fits.
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Bulk Equation of State (Bulk EOS). First-principles data on Pt bulk
energy versus volume are used to fit two bulk EOS. The para-
bolic bulk-EOS:

and the “Vinet et al.” bulk-EOS24,33

In eqs 5 and 6, V0 is the bulk volume per atom, a0 is lattice pa-
rameter, B0 is bulk modulus, and B=0 is the bulk modulus deriva-
tive with respect to pressure. Note that throughout this section,
the sub- and superscript “0” indicates bulk values.

Ab initio results and the bulk EOS fits are presented in Figure
5. The characteristic values, compared with previously obtained
theoretical and experimental data, are also listed in Table 1.

Surface Energy. The volume of cubic (cP), bcc (cI), and fcc (cF)
crystal lattices with N sites can be expressed as

where L is the number of crystal sites per conventional cubic
unit cell (L � 1, 2, and 4 in the case of cubic, bcc, and fcc lat-
tices) and a is the conventional lattice parameter. The volume

of a crystal can be expressed through the edge’s length r (the ra-
dius in the case of a sphere) as

where Kv is a shape coefficient (Table 2). The combination of eq
7 and eq 8 leads to the expression for the side length r of a regu-
lar shape crystal containing N lattices sites with parameter a as

The surface area Slmn of (lmn) facets of a regular shape crys-
tal can be written as

where Ks
lmn is a facet coefficient (Table 2). From eq 9 and eq 10,

we obtain the expression for the surface area of the (lmn) facets
of a regular shape crystal with N lattice sites, volume V, and pa-
rameter a

In the calculations for the energy for a particle, we variation-
ally minimize the expression eq 1

where Ebulk(a) and Slmn(a) are determined by eqs 6, 7, and 11.
Case of Parabolic Bulk EOS. In the case of parabolic bulk EOS, eq

5 and Figure 5, the energy of a finite crystal becomes

The minimization with respect to volume gives

where 	lmn is the surface stress:40

The nonlinear expression eq 13 defines the crystal volume V as
a function of the volume V0 of the same crystal with the bulk lat-
tice parameter.

In the case of large crystal, eq 13 can be linearized as

where 	lmn
0 is the bulk surface stress:

If we substitute eq 15 into eq 12 and linearize self-consistently,
we obtain

TABLE 1. Platinum: Bulk Volume Per Atom (V0), Lattice
Parameter (a0), Bulk Modulus (B0), and Bulk Modulus
Derivative with Respect to Pressure (B=0) Obtained from
First-Principles and from Experimental Reports

method V0 (Å3) a0 (Å) B0 (GPa) B=0

GGA-PBE (VASP)a 15.723 3.977 249 5.55
GGA-PBE (VASP)b 16.474 4.039 256
GGA-PBE (ABINIT)c 15.793 3.983 228 6.14
GGA-PBE (FP-LAPW)d 15.643 3.97 241
GGA-PBE (FP-LAPW)e 15.761 3.98 259
LDA (QUANTUM ESPR.)f 15.073 3.921 293 5.56
LDA (ABINIT)c 14.823 3.899 302 5.61
GGA-PBE (QUANTUM ESPR.)g 15.880 3.99 246
Experimenth 278 5.61
Experimenti 15.095 3.923

aPresent study: Vinet EOS. bPresent study: parabolic EOS. cVinet EOS (Dewaele
et al.34). dMurnaghan EOS (Silva et al.35). eBaud et al.36 fVinet EOS (Menéndez-
Proupin et al.33). gMurnaghan EOS (Singh-Miller et al.37). hHolmes et al.38 iVil-
lars et al.39

TABLE 2. Values of Kv and Ks
lmn Coefficients (eq 8 and eq

10) in the Case of Seven Considered Regular Crystal
Shapes Plus the Sphere

lmn Kv Ks
lmn

cube 100 1 6
octahedron 111 �2/3 2�3
tetrahedron 111 �2/12 �3
cuboctahedron 100 5�2/3 6

111 2�3
truncated octahedron 100 8�2 6

111 12�3
truncated cube 100 7(3 � 2�2)/3 12(1 � �2)

111 2�3
tetrahexahedron 730 10/7 6√1+(3/7)2

sphere 4
/3 4


Ebulk ) E0 + 1
2

B0

(V - V0)2

V0

(5)

Ebulk ) E0 +
9B0V0

η2
{1 - eη(1-X)[1 - η(1 - X)]}

η ) 3
2

(B'0 - 1), X ) ( V
V0

)1/3
(6)

V ) Na3/L (7)

V ) r3Kv (8)

r ) a( N
LKv

)1/3
(9)

Slmn ) r2Ks
lmn (10)

Slmn )
Ks

lmn

(KvL)2/3
a2N2/3 )

Ks
lmn

Kv
2/3

V2/3 (11)

E(a) ) Ebulk(a) + ∑
lmn

γlmn(a)Slmn(a)

E(V) ) E0 + 1
2

B0

(V - V0)2

V0

+ ∑
lmn

γlmn

Ks
lmn

Kv
2/3

V2/3 (12)

V - V0

V0

) -2
3

1

V1/3

∑
lmn

Ks
lmnσlmn(V)

B0Kv
2/3

(13)

σlmn ) γlmn + 3
2

V
∂γlmn

∂V
)

γlmn + a2
∂γlmn

∂a2
) γlmn + a

2

∂γlmn

∂a

(14)

V - V0

V0
|

VfV0

= -2
3

1

V0
1/3

∑
lmn

Ks
lmnσlmn

0

B0Kv
2/3

)

-2
3

1
r0

∑
lmn

Ks
lmnσlmn

0

B0Kv

(15)

σlmn
0 ) σlmn(a0) (16)
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Within this framework, eq 17 shows that the energies (per atom)
of large crystals with regular shapes are linear in N�1/3 through
a geometric coefficient independent of the size of the crystal.
Consequently, if eq 15 and eq 17 are considered adequate, then
there cannot be any change in the hierarchy of different shapes
with respect to size for large crystals. The fact is also demon-
strated numerically in Figure 2c for large N.

Note that in Figure 1b the case of �lmn � �lmn
0 is considered

to achieve almost linear dependencies for all the sizes. In this
case, eq 13 and eq 15 are transformed by 	lmn¡�lmn

0 , while eq
17 remains invariant.

From the comparison of eq 13 with eq 15, it follows that
the bulk surface stress 	lmn

0 is the key factor controlling the lat-
tice parameter of a finite crystal only in the case of large crys-
tals. This happens because the bulk surface stress is determined
by the bulk surface energy and its first derivative with respect to
the lattice parameter (eq 24). Therefore, any nonlinear depen-
dence of the surface energy on the lattice parameter is not in-
cluded in the bulk surface stress.

The structural values of 2/3(Ks
lmn/Kv) are listed in Table 3 for all

considered regular shape crystals plus the sphere. For the sphere,
cube, and octahedron, the values correspond to those obtained by
Stoneham15 (as an octahedron has eight faces rather than six,
there is a misprint in the corresponding expression of ref 15).

Effective Pressure Induced by the Surface of Crystal. The change in the
lattice parameter of finite crystal due to the presence of surface
can be characterized by an effective “Young�Laplace” pressure
P:18,19

Substituting eq 1 into eq 18 (with substitutions from eq 6, eq 7,
and eq 11), we obtain

or equivalently

where the bulk surface stress 	lmn
0 is determined by eq 14 and

eq 16. The expressions eq 19 and eq 20 are the generalization
of the Laplace�Young equation to the case of crystal with arbi-
trary shape. By combining eq 15 and eq 20, we obtain a relation
between the crystal lattice parameter and the effective surface
pressure in the case of large crystals:

Values of �lmn
0 , �lmn

0 for Pt (100), (111), and (730) Surfaces. The depend-
encies of the self-consistent surface energy �=lmn (eq 4) on the lat-
tice parameter can be expanded as

with X � 1 � a/a0. Correspondingly, the bulk surface energies
�lmn

0 and surface stresses 	lmn
0 (eq 14) become

By using the coefficients of polynomial expansion eq 22 listed
in Table 4, we calculate the bulk surface energies and the sur-
face stresses for the three platinum surfaces. The results com-
pared with other corresponding literature data are reported in

TABLE 3. Values of 2/3(Ks
lmn/Kv) (eq 15) in the Case of All

Considered Regular Shape Crystals Plus the Sphere

lmn 2/3(Ks
lmn)/(Kv)

cube 100 4
octahedron 111 4√3/2
tetrahedron 111 �6/18
cuboctahedron 100 12/(5�2)

111 4/5√3/2
truncated octahedron 100 (2�2)�1

111 √3/2
truncated cube 100 24/7(1 � �2)/(3 � 2�2)

111 4/7(�3)/(3 � 2�2)
tetrahexahedron 730 14/5√1+(3/7)2

sphere 2

TABLE 4. Coefficients of Polynomial Expansion in
Equation 22 Obtained by Fitting the Quantum Mechanical
Energies (Figure 3a)

i �100
(i) �111

(i) �730
(i)

0 1.83004 1.27741 13.89319
1 �6.79478 �6.01515 �44.03989
2 �115.68222 �102.1737 �858.96575
3 �745.26995 �258.90987 �28840.09589
4 �2655.7435 �4563.9661
5 2568.98707 11088.1042
6 �39821.79352 �43067.50223

TABLE 5. Values for the Bulk Surface Energies �lmn
0 and

Surface Stresses �lmn
0 for lmn � (100), (111), and (730)

Calculated in the Present Paper and Compared to
Previous Reportsa

�lmn
0

(eV/atom)
�lmn

0

(J/m2)
�lmn

0

(meV/Å2)
�lmn

0

(meV/Å2)

(100)

GGA-PBE (VASP) b 0.92 1.85 116 331
GGA-PBE (QUANTUM ESPR.) c 0.90 1.81 114
GGA-PW91 (VASP) d 0.92 1.84 116
GGA-PBE (FP-LAPW) e 1.16 2.35 147

(111)

GGA-PBE (VASP) b 0.64 1.49 93 313
GGA-PBE (QUANTUM ESPR.) c 0.65 1.49 95
GGA-PW91 (VASP) d 0.66 1.54 96
GGA-PBE (FP-LAPW) e 0.85 1.99 124
GGA-PBE (FP-LAPW) f 0.71 1.67 104
GGA-PW91 (PP) g 0.66 1.55 97 317

(730)

GGA-PBE (VASP) b 6.95 1.85 115 298

aThe surface energies are presented in the three different units used in literature.
bPresent study. cSingh-Miller et al.37 dIddir et al.26 eBaud et al.36 fSilva et al.35 gBois-
vert et al.41

E - E0

N |
VfV0

= N-1/3a0
2

∑
lmn

Ks
lmnγlmn

0

(KvL)2/3
(17)

P ) - ∂E
∂V |

V)V0,N)const

(18)

P ) -2
3( L

N)1/3 1
a0

∑
lmn

Ks
lmnσlmn

0

Kv
2/3

(19)

P ) -2
3

1

V0
1/3

∑
lmn

Ks
lmnσlmn

0

Kv
2/3

) -2
3

1
r0

∑
lmn

Ks
lmnσlmn

0

Kv

(20)

V - V0

V0
|

VfV0

=
P
B0

(21)

γ'lmn(a) ) γlmn
(0) + γlmn

(1) X + γlmn
(2) X2 + ... (22)

γlmn
0 )

γ'lmn(a0)

2Kslab
lmna0

2
)

γlmn
(0)

2Kslab
lmna0

2
(23)

σlmn
0 )

γlmn
(0) - 0.5γlmn

(1)

2Kslab
lmna0

2
(24)
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Table 5. The expansion eq 22 can be used as a reference in fu-
ture studies of Pt surfaces.
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